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EMBEDDING THEOREMS AND BOUNDARY-VALUE
PROBLEMS FOR CUSP DOMAINS.
V GOL'DSHTEIN, M.JU.VASILTCHIK
1
Abstrat. We study the Robin boundary-value problem for bounded do-
mains with isolated singularities. Beause trae spaes of spae W 1
2
(D) on
boundaries of suh domains are weighted Sobolev spaes L2,ξ(∂D) existene
and uniqueness of orresponding Robin boundary-value problems depends on
properties of embedding operators I1 : W 12 (D) → L
2(D) and I2 : W 12 (D) →
L2,ξ(∂D) i.e. on types of singularities. We obtain an exat desription of
weights ξ for bounded domains with 'outside peaks' on its boundaries. This
result allows us to formulate orretly the orresponding Robin boundary-
value problems for ellipti operators. Using ompatness of embedding opera-
tors I1, I2, we prove also that these Robin boundary-value problems with the
spetral parameter is of Fredholm type.
1. Introdution
An essentially self-ontained presentation of a method for a orret formulation
and an investigation of the Robin boundary-value problem for seond order ellipti
equations in domains with 'outside peaks' is given in this paper. This study is ini-
tiated by works [15℄, [16℄, [8℄, [11℄. Quoted papers devoted to the Robin boundary-
value problem for Lipshitz domains and its strait forward generalizations. It is
well known that the embedding operator I1 : W
1
2 (D)→ L2(D) is ompat for Lips-
hitz domains [14℄ and by [11℄ the operator I2 : W
1
2 (D)→ L2(∂D) is also ompat.
Therefore the Robin boundary-value problem is of Fredholm type for this lass of
domains [11℄.
For domains with Hölder type singularities the seond embedding operator I2 :
W 12 (D) → L2(∂D) does not neessarily exist, beause traes of funtions from
W 12 (D) do not neessarily belong to the spae L
2(∂D). It means that even a
orret formulation of the Robin problem for suh domains depends on properties
of a trae spae of W 12 (D). One of possible desriptions of trae spaes for smooth
bounded domains with isolated singularities of an 'outside peak' type was proposed
in [18℄, [19℄ by the seond author. For suh domains the trae spae for W 12 (D)
does not neessarily oinides with L2(D) and an be desribed with the help of
orresponding weights ξ that depend on singularity types. These results allow us to
formulate orretly the Robin boundary-value problem with the help of the weights
ξ.
We will prove in this paper that embedding operators I2 : W
1
2 (D) → L2,ξ(∂D)
are ompat for suh weights. Beause both embedding operators I1 : W
1
2 (D) →
L2(D) and I2 : W
1
2 (D)→ L2,ξ(∂D) are ompat the Robin boundary-value problem
with the spetral parameter is of Fredholm type.
1
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Ellipti boundary-value problems were studied in numerous books and papers.
We mention [4℄ and [13℄, where many referenes an be found. In [14℄ embedding
theorems for a variety of non-smooth domains have been studied.
Main results of this paper were announed in [20℄.
2. Main results
In this setion we introdue neessary denitions and formulate main results.
Reall the lassial denition of Sobolev spaeW 1p (D). Let D be an open subset
of R
n
, n ≥ 2. Dene Sobolev spaeW 1p (D), 1 ≤ p <∞ as a normed spae of loally
summable, weakly dierentiable funtions f : D → R equipped with the following
norm:
‖f |W 1p (D)‖ =

(∫
D
|f |p(x) dx
)2/p
+
(∫
D
|∇f |p(x) dx
)2/p
1/2
.
Here ∇f is the weak gradient of the funtion f .
2.1. Weak Robin problem for smooth domains. Let G ∈ Rn be a bounded
smooth domain i.e. its boundary ∂G is a smooth ompat (n − 1)-dimensional
manifold. Remember lassial Robin boundary-value problem
(2.1)
n∑
i,j=1
∂
∂xi
(
aij(x)
∂u
∂xj
)
+
n∑
i=1
bi(x)
∂u
∂xi
+ a(x)u = f(x), x ∈ G,
(2.2)
∂u
∂N
+ σ(x)u = µ(x), x ∈ ∂G.
Here the funtions ai,j(x) = aj,i, bi(x), a(x), f(x) are smooth funtions dened on
G and σ(x), µ(x) are smooth funtions dened on ∂G.
As usually
∂u
∂N =
n∑
i,j=1
aij
∂u
∂xj
cos (~n, xi), where ~n is the exterior unit normal
vetor at a point x ∈ ∂G.
Suppose also that the following ondition of the uniform elliptiity holds
(2.3) C1|ξ|2 ≤
n∑
i,j=1
aij(x)ξiξj ≤ C2|ξ|2.
for all ξ = (ξ1, . . . , ξn) ∈ Rn. Here C1 and C2 are positive onstants.
This formulation is equivalent to the following weak formulation. A funtion
u ∈ W 12 (G) is a weak solution of the Robin problem if
n∑
i,j=1
∫
G
aij(x)
∂u
∂xj
∂η
∂xi
dx−
n∑
i=1
∫
G
bi(x)
∂u
∂xi
ηdx−
∫
G
auηdx
= −
∫
G
fηdx−
∫
∂G
σuηdSx +
∫
∂G
µηdSx.
(2.4)
for all η ∈ W 12 (G). Here dSx is the standard surfae measure.
For the weak formulation smoothness of funtions f, σ, µ is not neessary and
an be replaed by the following weak onditions: ai,j , bi, a ∈ L∞(G), f ∈ L2 (G),
σ ∈ L∞(∂G),µ ∈ L2(∂G).
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2.2. Weak Robin problem for domains with an 'outside peak'. Suppose
domain G is not smooth at one isolated point.
Assumptions on the funtions aij = aji, f and a are the same for any suh
domain: f ∈ L2 (G), a ∈ L∞ and aij = aji ∈ L∞(G). Additional onditions for bi,
σ, µ depends on properties of the boundary and will be formulated later only for
domains with 'outside peaks' .
The next denition is a formal desription of domains with an 'outside peak'.
Denition 2.1. We all a bounded domain G ⊂ Rn a domain of lass OPϕ if
1. There exists suh point O ∈ ∂G that ∂G\{O} is a smooth (n−1)-dimensional
manifold of the lass C1.
2. Let Ω ⊂ Rn−1 be a bounded domain of the lass C1 and ϕ ∈ C1 ([0, 1]) be
a smooth funtion suh that ϕ(0) = ϕ′(0) = 0 and ϕ′(t) > 0 for t ∈ (0, 1).Denote
x′ = (x1, . . . , xn−1).
There exists a neighborhood U(O) of O that an be represented as
(2.5) U(O) ∩G =
{
x = (x′, xn) ∈ Rn : 0 < xn < 1, x
′
ϕ(xn)
∈ Ω
}
.
for an appropriate hoie of a oordinate system with the origin O in Rn.
The point O is a top of an 'outside peak'. We will study problem (2.4) for
domains of lass OPϕ.
Denote Lp,ξ (∂G) suh spae of measurable funtions dened on ∂G that∫
∂G
|f(x)|p ξ(x)dSx ≡ ‖f‖pp,ξ,∂G <∞.
Here ξ : ∂G→ R is a xed nonnegative measurable funtion (a weight).
We are ready to speify all neessary assumptions for Robin boundary-value prob-
lem (2.4) in domains of lass OPϕ.
Suppose domain G belongs to the lass OPϕ.
A funtion u ∈W 12 (G) is a weak solution of the Robin problem if
n∑
i,j=1
∫
G
aij(x)
∂u
∂xj
∂η
∂xi
dx−
n∑
i=1
∫
G
bi(x)
∂u
∂xi
ηdx−
∫
G
auηdx
= −
∫
G
fηdx−
∫
∂G
σuηdSx +
∫
∂G
µηdSx.
(2.6)
for all η ∈ W 12 (G).
Here funtions aij , bi, a ∈ L∞(G), f ∈ L2 (G). The following uniform elliptiity
ondition holds
(2.7) C1|ξ|2 ≤
n∑
i,j=1
aij(x)ξiξj ≤ C2|ξ|2.
for all ξ = (ξ1, . . . , ξn) ∈ Rn and some positive onstants C1 and C2.
Additional assumptions for funtions σ, µ depends on funtion ϕ and are es-
sential in a neighborhood of singularity point O ∈ ∂G. Roughly speaking these
assumptions must orrelate with the exat desription of the trae spae of W 12 (G)
on the boundary ∂G. Reasons for the following assumptions will be made lear
during proofs of the main results.
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The funtion σ : ∂G→ R satises to the following inequality:
(2.8) ess sup
x∈∂G
|σ(x)|
ϕ(xn)
= Mσ <∞.
The funtion µ belongs to L2,
1
ϕ (∂G). This is equivalent to µϕ ∈ L2,ϕ (∂G).
Remember that funtions bi, a, f , u, η (see (2.4)) are omplex valued funtions.
2.3. Main results. Let I1 be the embedding operator of W
1
2 (G) into L
2 (G), and
I2 the embedding operator of W
1
2 (G) into L
2,ϕ (∂G). By [18℄ the spae L2,ϕ (∂G)
ontains traes of W 12 (G) on ∂G. Existene, boundedness and ompatness of the
operator I1 is well known (see, for example [14℄). Existene and boundedness of
the operator I2 is proved in [18℄. Compatness of I2 is the main tehnial goal of
this paper.
Remember that W 12 (G) with an inner produt
(2.9) [u, η] =
∫
G

 n∑
i,j=1
∂u
∂xi
∂η
∂xj
+ uη

 dx
is a Hilbert spae.
We adopt a general well known statement of funtional analysis to our study.
Proposition 2.2. Suppose G ∈ OPϕ and operators I1 and I2 are ompat. Then
the weak Robin problem (2.6)-(2.8) is of Fredholm type, i.e. the problem an be
redued to an operator equation on W 12 (G)
(2.10) (I +A)u = F,
where I is the identity and A is a ompat operator.
Compatness of the embedding operator I2 is a ontent of the following result:
Theorem 2.3. If G ∈ OPϕ, then the embedding operator I2 is ompat.
This theorem is a speial ase p = 2 of the orresponding result for Sobolev
spaes W 1p (G) that will be proved in Setion 4. Combining two previous results
and using ompatness of the embedding operator I1 [14℄ we obtain one of the main
results of this study.
Theorem 2.4. If G ∈ OPϕ, then the weak Robin problem (2.6)-(2.8) is of Fredholm
type.
Proof of main results is based on the exat desriptions of the trae spaes of
Sobolev spaesW 1p (G) on boundaries of OPϕ-domains [18℄. For readers onveniene
we reprodue here this desription.
Further the relation A ∼ B means that a two sided inequality C1 < AB < C2
with onstants 0 < C1 < C2 <∞ depending on G only is orret.
Denote TW 1p (G) a normed spae of W
1
p (G)-funtion traes on ∂G with the
quotient norm
(2.11) ‖f‖TW 1p (G) = inf
{
‖F‖W 1p (G) : F ∈ W 1p (G) , F |∂G= f
}
.
Let E(x, y) = max{ϕ(xn), ϕ(yn)} and σ(x, y) = χ
(
|x−y|
E(x,y)
)
, where χ is the indiator
[0, 1].
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Let G ∈ OPϕ, 1 < p <∞. By [18℄
(2.12) ‖f‖TW 1p ∼ ‖f‖p,ϕ,∂G +


∫∫
G×G
|f(x)− f(y)|p
|x− y|n+p−2 σ(x, y)dSxdSy


1/p
.
It means, in partiular, that f/∂G ∈ Lp,ϕ.
3. Proof of Proposition 2.2
The spae W 12 (G) is a Hilbert spae with the inner produt (2.9). Beause the
ondition (2.3) this inner produt is equivalent to the following new one
(3.1) [u, η] =
∫
G

 n∑
i,j=1
aij(x)
∂u
∂xi
∂η
∂xj
+ uη

 dx.
Rewrite the weak Robin boundary problem in terms of this inner produt
(3.2)
[u, η]−
n∑
i=1
∫
G
bi(x)
∂u
∂xi
ηdx−
∫
G
(a+ 1)uηdx+
∫
∂G
σuηdSx = −
∫
G
fηdx+
∫
∂G
µηdSx.
Every integral in (3.2) an be onsidered as a omplex valued linear funtional
on W 12 (G):
l1,u(η) = −
n∑
i=1
∫
G
bi(x)
∂u
∂xi
(x) η(x) dx, l2,u(η) = −
∫
G
(a+ 1)u(x)η(x) dx,
l3,u(η) =
∫
∂G
σ(x)u(x)η(x) dSx, l4(η) =
∫
∂G
µ(x)η(x) dSx,
l5(η) = −
∫
G
f(x)η(x) dx.
Beause a, bi ∈ L∞(G),f ∈ L2(G), u, ∂u∂xi ∈ L2(G) for any i = 1, 2, ..., n bound-
edness of funtionals l1,u,l2,u,l5 follows from Cauhy-Bunyakovski inequality.
Let us prove boundedness of the funtional l3,u. Using Cauhy-Bunyakovski
inequality, ondition (2.8), the trae desription for domains of lass OPϕ [18℄ and
boundedness of I2 we obtain the following inequality:
|l3,u(η)| =
∣∣∣∣∣∣
∫
∂G
σuη dSx
∣∣∣∣∣∣ =
∣∣∣∣∣∣
∫
∂G
σ
ϕ
ϕuη dSx
∣∣∣∣∣∣ ≤Mσ ‖u‖2,ϕ,∂G · ‖η‖2,ϕ,∂G
≤Mσ ‖I2‖2 ‖u‖W 12 (G) ‖η‖W 12 (G) .
(3.3)
In (3.3) W 12 (G)-norm of funtions is indued by the inner produt(2.9). Con-
stants Mσ and ‖I2‖ depends only on G and funtion σ. Therefore funtional l3,u is
bounded. A similar argument is orret for l4:
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|l4(η)| =
∣∣∣∣∣∣
∫
∂G
µη dSx
∣∣∣∣∣∣ =
∣∣∣∣∣∣
∫
∂G
µ
ϕ
ϕη dSx
∣∣∣∣∣∣ ≤
∥∥∥∥µϕ
∥∥∥∥
L2,ϕ(∂G)
· ‖η‖H1(G)
≤ ‖I2‖ ‖µ‖
L
2, 1
ϕ (∂G)
· ‖η‖H1(G) .
(3.4)
We will use notations C, C1, C2,. . . for dierent positive onstants.
By the Riess theorem there exist suh bounded operatorsBi : W
1
2 (G)→W 12 (G),
i = 1, 2, 3 that li,u(η) := [Biu, η] , η ∈W 12 (G) .
Denote F := B4µ+B5f . Rewrite (2.6) using Bi and F
[u+ (B1 +B2 + B3)u, η] = [F, η] ,
We will use also a short notation A := B1 +B2 +B3.
Let us prove ompatness of operator A. The operator A is ompat if operators
B1, B2, B3 are ompat. It is enough to prove that for any operator Bi, i =
1, 2, 3 an image of a weakly onvergent sequene ontains a strongly onvergent
subsequene.
Let a sequene {uk}∞1 weakly onverges to u0 in W 12 (G). By ontinuity of Bi
the sequene Biuk weakly onverges to Biu0. By ompatness of operators I1 and
I2 we an suppose (without loss of generality) that sequenes {uk}∞1 and {Biuk}∞1
strongly onverge in L2(G) and L2,ϕ(∂G) orrespondingly.
Let us start from B1. For simpliity we will use short notations li, i = 1, 2, 3
unstead of li,uk−um . By the denition of B1
[B1(uk − um), B1(uk − um)] = |l1(B1(uk − um))|
≤M‖B1uk −B1um‖L2(G).
Here M is a positive onstant. Beause [v, v] ∼ ‖v‖2W 12 (G) we have
‖B1uk −B1um‖2W 12 (G) ≤ C ‖B1uk −B1um‖L2(G)
for a positive onstant C.
The last inequality means that {B1uk}∞1 strongly onverges to B1u0 in W 12 (G).
Therefore operator B1 is ompat.
A similar argument is orret for operator B2:
‖B2(uk − um)‖2W 12 (G) ∼ [B2(uk − um), B2(uk − um)]
= |l2(B2(uk − um))| ≤ C ‖B2uk −B2um‖L2(G)
for a positive onstant C. Therefore sequene {B2uk}∞1 strongly onverges to B2u0
in W 12 (G) and operator B2 is ompat.
For operator B3 we will use ompatness of I2. Using similar arguments we have
‖B3(uk − um)‖2W 12 (G) ∼ [B3(uk − um), B3(uk − um)]
= |l3(B3(uk − um))| ≤Mσ ‖uk − um‖L2,ϕ(∂G) · ‖B3(uk − um)‖L2,ϕ(∂G)
proving ompatness of B3.
Hene operator A = B1 + B2 +B3 is ompat. Therefore the operator I +A is
of the Fredholm type. Proposition 2.2 proved.
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4. Compatness of embedding operator Ip : W
1
p (G)→ Lp,ϕ (∂G)
Theorem 2.3 is a speial ase for p = 2 of the following result
Theorem 4.1. If G ∈ OPϕ, then the embedding operator Ip : W 1p (G)→ Lp,ϕ (∂G)
is ompat.
Fix a domain G ∈ OPϕ. Without loss of generality we an suppose that 0 <
ϕ′(xn) < 1 for any 0 ≤ xn ≤ 1. an suppose that a top of peak O oinides with
the origin of oordinates and there exists suh a neighborhood V (O) of O that
V (O)
⋂
G an be represented as
(4.1) {x = (x′, xn) ∈ Rn : 0 < xn < 1, | x′ |< ϕ(xn)} .
Here notie that x = (x′, xn) ∈ Rn, x′ ∈ Rn−1, xn ∈ R. Without
For the proof of Theorem 4.1 we need the following tehnial result:
Lemma 4.2. Any funtion F ∈W 1p (G), 1 < p <∞, has the following representa-
tion
F (x) = α(xn) +R(x),
where α ∈ W 1p (G) is a funtion of one variable, R ∈ W 1p (G), and the following
inequality is orret
(4.2)
∥∥ϕ−1(xn)R∥∥Lp(G) ≤ C ‖F‖W 1p (G) <∞,
for some onstant C that depends only on G.
For readers onveniene we give here a omplete, omparatively simple and in-
dependent proof of this result that was proved by the seond author in [18℄.
Proof
Choose nonnegative funtions h ∈ C∞0
(
R
n−1
)
and K ∈ C∞0 (R) suh that
supph ⊂ B1(0′) :=
{
x′ = (x1, . . . , xn−1) ∈ Rn−1 : |x′| < 1
}
,
suppK ⊂ [ 12 , 1], ∫
Rn−1
h(x′)dx′ = 1,
∞∫
−∞
K(t)dt = 1. Suppose
Ω(x, r, θ′, y) = ϕ−n(xn)h
(
x′ + rθ′
ϕ(xn)
)
rn−2K
(
y
ϕ(xn)
)
,
where r ≥ 0, y ∈ R1, θ′ ∈ S1(0′) = ∂B1(0′). We will use a family of kernels
Ωε := Ω
(
x,
r
ε
, θ′,
y
ε
)
.
Denote
Fε(x) =
∫
S1(0′)
dSθ′
∞∫
0
dr
∞∫
−∞
F (x′ + rθ′, xn + y)Ω
(
x,
r
ε
, θ′,
y
ε
) dy
ε2
.
The proof of this Lemma an be divided onto four parts.
1. Let us demonstrate that Fǫ → F in Lp,loc (G) for ǫ → 0. Using the hange of
variables rϑ′ = z′, y = zn we obtain that
Fε(x) =
∫
Rn
F (x+ z)h
(
εx′ + z′
εϕ(xn)
)
K
(
zn
εϕ(xn)
)
dz
εnϕn(xn)
.
Let us prove that Fε(x) → F (x) for ε → 0 in Lp,loc(G). Let U be a ompat
subset of G. Denote x0n = inf{xn : x = (x′, xn) ∈ U} Then x0n > 0. Using
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monotoniity of ϕ and ompatness of U we have that ϕ(x0n) < ϕ(xn) < C0ϕ(x
0
n),
where x = (x′, xn) ∈ U and the onstant C0 depends only on U and ϕ. By
onstrution of K we have 12 ≤ znεϕ(xn) ≤ 1. Hene
K
(
zn
εϕ(xn)
)
≤ C1χ
(
zn
C0εϕ(x0n)
)
Beause h
(
εx′+z′
εϕ(xn)
)
6= 0 for
∣∣∣ εx′+z′εϕ(xn)
∣∣∣ < 1, then∣∣∣∣h
(
εx′ + z′
εϕ(xn)
)∣∣∣∣ ≤ C2χ
( |z′|
2C0εϕ(x0n)
)
.
In these inequalities C1 = sup{K(τ) : τ ∈ R}, C2 = sup{|h(u′)| : u′ ∈ Rn−1}
and χ is the indiator of [0; 1]. The seond inequality is based on the inequality
|z′| ≤ ε|x′| + εϕ(xn) ≤ 2εϕ(xn) ≤ 2C0εϕ(x0n) that is a diret onsequene of an
obvious inequality |εx′ + z′| ≤ εϕ(xn).
Beause ∫
Rn
h
(
εx′ + z′
εϕ(xn)
)
K
(
zn
εϕ(xn)
)
dz
εnϕn(xn)
= 1,
we get
|Fε(x)−F (x)| ≤ C
∫
Rn
|F (x+z)−F (x)|χ
(
zn
C0εϕ(x0n)
)
χ
( |z′|
2C0εϕ(x0n)
)
dz
εnϕn(x0n)
.
Integrating both parts of the previous inequality in degree p on U and using
Minkovsky inequality
‖Fε − F‖Lp(U) ≤
C
∫
Rn
(∫
U
| F (x+ z)− F (x) |p dx
) 1
p
χ
(
zn
C0εϕ(x0n)
)
χ
( | z′ |
2C0εϕ(x0n)
)
dz
εnϕn(x0n)
≤ C sup{‖F (x+ z)− F (x)‖Lp(U) : |z| ≤ 2C0εϕ(x0n)}.
Using ontinuity of funtion F ∈ Lp(G) in the sense of Lp (see [17℄, h.1) the proof
an be nished.
Therefore we obtained the following integral representation
F (x) = F1(x) −
1∫
0
∂
∂ε
Fε(x)dε.
for any F ∈ Lp(G).
We will use short notation
R(x) = −
1∫
0
∂
∂ε
Fε(x)dε.
Reall that
F1(x) =
∞∫
−∞
dy
∫
S
dS′θ
∞∫
0
F (x′ + rθ′, xn + y)Ω(x, r, θ
′, y)dr.
Using the following hange of variables x′ + rθ′ = z′, xn + y = zn, r
n−2drdθ′ =
dz′, dy = dzn we obtain
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(4.3) α(xn) := F1(x) =
∫
Rn
F (z)h
(
z′
ϕ(xn)
)
K
(
zn − xn
ϕ(xn)
)
dz
ϕn(xn)
.
Here we used a new notation α(xn) := F1(x) emphasizing that funtion F1(x)
depends only on xn.
2. Let us demonstrate that α ∈ W 1p (G) for 1 < p <∞. By onstrution of α we
have
(4.4) ‖ α ‖pLp(G)=
∫
G
| α(xn) |p dx =
1∫
0
dxn
∫
|x′|<ϕ(xn)
| α(xn) |p dx′
≤
1∫
0
∫
|x′|<ϕ(xn)
∣∣∣∣∣∣
∫
Rn
| F (z) | ·h( z
′
ϕ(xn)
) ·K(zn − xn
ϕ(xn)
)
dz
ϕn(xn)
∣∣∣∣∣∣
p
dx′dxn
Remember that supph ⊂ B1(0′) and suppK ⊂ [1/2; 1]. Therefore the domain
of integration for z is the following set U := {z :| z′ |< ϕ(xn), xn+ϕ(xn)/2 < zn <
xn + ϕ(xn)} whih belongs to G.
There exist δ > 0 and o < c < xn suh that
ϕ(xn + δϕ(xn)) = ϕ(xn) + ϕ
′(c)δϕ(xn) = ϕ(xn)(1 + δϕ
′(c))
By monotoniity of ϕ we have for δ = 1/2 the following inequality
(4.5)
ϕ(xn)
2
≤ ϕ(zn) ≤ 3ϕ(xn)
2
The integrand in (4.4) an be rewritten in more onvenient way
ϕ−n | F | · | h | · | K |=| F | ·(| h | 1p | K | 1p ϕ−np ) · (| h | p−1p | K | p−1p ϕ− (p−1)np ).
Using Hölder inequality and hanging order of integration we obtain
(4.6) ‖α‖Lp(G) = C
∫
G
|F (z)|pΨ(z, xn)dz
where
C =
{∫
G
Ψ(z, xn)dz
}p−1
,
Ψ(z, xn) =
∫ 1
0
dxn
∫
{|x′|<ϕ(xn)}
h
(
z′
ϕ (xn)
)
K
(
zn − xn
ϕ (xn)
)
dx′
ϕn (xn)
.
We will estimate Ψ(z, xn).
Let us hange rst xn onto τ :=
zn−xn
ϕ(xn)
. Hene
dxn
ϕ(xn)
= − dτ
1 + zn−xn(τ)ϕ(xn(τ)) ϕ
′(xn)
.
Therefore
1∫
0
K
(
zn − xn
ϕ(xn)
)
dxn
ϕ(xn)
≤ C
∞∫
−∞
K(τ)
dτ
1 − ϕ′(xn(τ)) <∞,
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beause of the boundedness of funtion K with ompat support. Using the same
argument for (4.6) we obtain nally the following estimate for the Lp-norm of α
‖ α ‖pLp(G)≤ C
∫
G
| F (z) |p dz.
Let us prove that α ∈W 1p (G).
Using the following hange of variable in (4.3)
z′ = ϕ(xn)s
′, zn = xn + ϕ(xn)sn.
we get
α(xn) =
∫
Rn
F (ϕ(xn)s
′, xn + ϕ(xn)sn)h(s
′)K(sn)ds.
After dierentiation we obtain
α′(xn) =
∫
Rn
(ϕ′(∇′F (ϕ(xn)s′, xn + ϕ(xn)sn), s′)+
DnF (ϕ(xn)s
′, xn + ϕ(xn)sn)(1 + ϕ
′(xn)sn))h(s
′)K(sn)ds.
Returning to the original variable we get nally
| α′(xn) |≤ C
∫
Rn
| ∇′F (z) | ·h( z
′
ϕ(xn)
) ·K(zn − xn
ϕ(xn)
)
dz
ϕn(xn)
+ C
∫
Rn
| DnF (z) | ·h( z
′
ϕ(xn)
) ·K(zn − xn
ϕ(xn)
)
dz
ϕn(xn)
.
This inequality permits us to estimate ‖ α′ ‖Lp(G) by the same way as ‖ α ‖Lp(G) .
Therefore α ∈W 1p (G).
3. Funtion R an be represented as R = R1 +R2 where
R1(x) = −
1∫
0
dε
εn+1
∫
Rn
(∇′F (z), z′ − x′) h
(
z′ − (1− ε)x′
εϕ(xn)
)
K
(
zn − xn
εϕ(xn)
)
dz
ϕn(xn)
,
R2(x) = −
1∫
0
dε
εn+1
∫
Rn
DnF (z)·(zn−xn) K
(
zn − xn
εϕ(xn)
)
h
(
z′ − (1− ε)x′
εϕ(xn)
)
dz
ϕn(xn)
.
Here ∇′ =
(
∂
∂z1
, . . . , ∂∂zn−1
)
, z = (z′, zn), Dn =
∂
∂zn
.
Let us verify this representation. Remember rst that
Ω
(
x,
r
ǫ
, θ′,
y
ǫ
)
=
rn−2
ϕn(xn)ǫn−2
h
(
ǫx′ + rθ′
ǫϕ(xn)
)
K
(
y
ǫϕ(xn)
)
.
Hene
(4.7)
∂
∂ε
[
ε−2Ω
(
x,
r
ε
, θ′,
y
ε
)]
=
− nr
n−2
εn+1ϕn (xn)
hK − r
n−1
εn+2ϕn+1 (xn)
n−1∑
j=1
Djhθj − yr
n−2
εn+2ϕn+1 (xn)
hK ′ =
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− K
εn+1ϕn (xn)
∂
∂r
[
rn−1h
]− rn−2
εn+1ϕn (xn)
h
∂
∂y
[
yK
(
y
εϕ (xn)
)]
Using 4.7 we get the following expression for R(x)
R(x) = −
1∫
0
∂Fǫ
∂ǫ
dǫ =
−
1∫
0
dǫ
∞∫
−∞
dy
∫
S
dS′θ
∞∫
0
F (x′ + rθ′, xn + y)
∂
∂ǫ
[
Ω(x′,
r
ǫ
, θ′,
y
ǫ
)ǫ−2
]
dr =
−
∫ 1
0
dε
∫
S
dSθ′
∫ ∞
0

n−1∑
j=1
DjFθj

 rn−1h(εx′ + rθ′
εϕ (xn)
)
dr−
∫ 1
0
dε
∫
S
dSθ′
∫ ∞
0
h
(
εx′ + rθ′
εϕ (xn)
)
rn−2
εn+1ϕn (xn)
dr
∫ ∞
−∞
y DnF K
(
y
εϕ (xn)
)
dy.
Using the following hange of variables
z′ = x′ + rθ′, dz′ = rn−2drdS′θ , xn + y = zn, dzn = dy.
we obtain the laimed before deomposition R = R1 +R2:
R(x) = −
1∫
0
dǫ
ǫn+1ϕn(xn)
∫
Rn
(∇′F (z), z′ − x′)K
(
zn − xn
ǫϕ(xn)
)
h
(
z′ − (1 − ǫ)x′
ǫϕ(xn)
)
dz−
1∫
0
dǫ
ǫn+1ϕn(xn)
∫
Rn
DnF (z) · (zn − xn)K
(
zn − xn
ǫϕ(xn)
)
h
(
z′ − (1 − ǫ)x′
ǫϕ(xn)
)
dz
= R1 +R2.
4. Similarly to the plane ase [19℄ and to the proof of (4.2) we will demonstrate
that ϕ−1Ri ∈ Lp (G), i = 1, 2. We will prove this fat only for R1. For R2 the
proof is similar.
We have
(4.8)
∣∣ϕ−1(xn)R1(x)∣∣ ≤
1∫
0
dε
∫
Rn
|∇′F (z)| ·
∣∣∣∣ z′ − x′εϕ(xn)
∣∣∣∣ h
(
z′ − (1− ε)x′
εϕ(xn)
)
K
(
zn − xn
εϕ(xn)
)
dz
εnϕn(xn)
.
Denote by X(x) the extension of
∣∣ϕ−1(xn)R1(x)∣∣ on Rn \ G by zero and by
Y (z) the extension of |∇′F (z)| by zero on Rn \ G. Reall generalized Minkovski
inequality. Let ψ(x, y)be a measurable nonegative funtion dened on A×B where
A ∈ Rn, B ∈ Rm are measurable sets. Then for any 1 ≤ p <∞{∫
A
(∫
B
ψ(x, y)dy
)p
dx
}1/p
≤
∫
B
(∫
A
ψp(x, y)dx
)1/p
dy.
Using generalized Minkovski inequlity we get
(4.9) ‖X‖Lp(Rn) ≤
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∫ 1
0
{∫
Rn
[
1
εnϕn (xn)
∫
R
Φ(z, x)
(∫
Rn−1
h
(
z′ − (1 − ε)x′
εϕ (xn)
)
dz′
) p−1
p
Kdzn
]p
dx
}1/p
dε.
Here
Φ(z, x) =
{∫
Rn−1
Y p(z)h
(
z′ − (1− ε)x′
εϕ (xn)
)
dz′
}1/p
.
Beause
(∫
Rn−1
h
(
z′ − (1− ε)x′
εϕ (xn)
)
dz′
) p−1
p
≤ C [εϕ (xn)]
(n−1)(p−1)
p
we obtain nally
(4.10)
‖X‖Lp(Rn) ≤ C
∫ 1
0
{∫
Rn
[∫
R
Φ(z, x)K
(
zn − x′n
εϕ (xn)
)
dzn
]p
dx
(εϕ (xn))
n+p−1
}1/p
dε.
Using for the term in square brakets from the right hand side of (4.10) Hölder
inequality for variable zn and taking into aount the inequality

∞∫
−∞
K
(
zn − xn
εϕ(xn)
)
dzn


p−1
≤ C (εϕ(xn))p−1 ,
we obtain the following Lp-estimate
(4.11) ‖X‖Lp(G) ≤
C
1∫
0


∫
Rn
Y p(z)

∫
Rn
h
(
z′ − (1 − ε)x′
εϕ(xn)
)
K
(
zn − xn
εϕ(xn)
)
dx
(εϕ(xn))n

 dz


1
p
dε.
Denote by J the term in square brakets on the right hand side of (4.11). By diret
alulations we have
J =
∫
Rn
h
(
z′ − (1− ε)x′
εϕ(xn)
)
K
(
zn − xn
εϕ(xn)
)
dx
(εϕ(xn))n
=
∞∫
−∞
K
(
zn − xn
εϕ(xn)
) ∫
Rn−1
h
(
z′ − (1− ε)x′
εϕ(xn)
)
dx′

 dxn
(εϕ(xn))n
≤
C
∞∫
−∞
K
(
zn − xn
εϕ(xn)
)
dxn
εϕ(xn)
.
For the last inequality we used the following estimate∫
Rn−1
h
(
z′ − (1 − ε)x′
εϕ (xn)
)
dx′ ≤ C [εϕ (xn)]n−1 .
This estimate an be proved by the following way. Let
A =
{
x′ ∈ Rn−1 :
∣∣∣∣ z′ − x′εϕ (xn)
∣∣∣∣ < 1
}
, B =
{
x′ ∈ Rn−1 : |z′ − x′| < 2εϕ (xn)
}
.
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Using denition of lass OPϕ and inequalities∣∣∣∣ z′ − x′εϕ (xn)
∣∣∣∣− 1 ≤
∣∣∣∣ z′ − x′εϕ (xn)
∣∣∣∣− |x′|ϕ (xn) ≤
∣∣∣∣z′ − (1− ε)x′εϕ (xn)
∣∣∣∣ < 1
follows that A ⊂ B. Therefore∫
Rn−1
h
(
z′ − (1− ε)x′
εϕ (xn)
)
dx′ ≤
∫
A
hdx′ ≤
∫
B
hdx′
Let us hange variable xn to τ :=
zn−xn
εϕ(xn)
= τ (xn → τ). Hene
dx
εϕ(xn)
= − dτ
1 + zn−xn(τ)εϕ(xn(τ)) ϕ
′(xn)
.
Therefore
∞∫
−∞
K
(
zn − xn
εϕ(xn)
)
dx
εϕ(xn)
≤ C
∞∫
−∞
K(τ)
dτ
1 − εϕ′(xn(τ)) ≤ C,
where onstant C depends only on F (x). Using the last inequality (4.11) we obtain
nally
(4.12) ‖X‖Lp(Rn) ≤ C ‖Y ‖Lp(Rn) ≤ C ‖F‖W 1p (G) .
The Lemma is proved.
Using the previous Lemma 4.2 we will prove the theorem 4.1
Proof of Theorem 4.1 Let M ⊂ W 1p (G) be a bounded set and Λ = Ip(M) ⊂
Lp,ϕ (∂G). To prove ompatness of I2 : W
1
p (G)→ Lp,ϕ (∂G) we need to onstrut
for any ε > 0 a nite ε-network of Λ.
By Lemma 4.2 any funtion F ∈M an be represented as F = α+R, α = α(xn).
Denote Λα the set of all funtions α = F −R suh that F ∈M and denote ΛR the
set of all funtions R that orrespond to F ∈M. Hene Λ = Λα + ΛR.
Beause the embedding operator I1 : W
1
p → Lp(G) is ompat the set Λα
is relatively ompat in Lp (G). Therefore for any ε1 > 0 there exists an ε1-
network β1, . . . , βN of Λα in L
p (G). Denote Gδ = Bδ(0) ∩ G where Bδ(0) =
{x ∈ Rn : |x| < δ}. Further we suppose that 0 < δ < 1. Using ontinuity of fun-
tion F ∈ Lp(G) in the sense of Lp (see [17℄, h.1), we an found δ > 0 suh that for
any j = 1, 2, . . . , N the following inequality is orret
‖βj‖p,Gδ < ε1.
Hene for any α ∈ Λα there exists suh βj that
(4.13) ‖α‖p,Gδ ≤ ‖α− βj‖p,Gδ + ‖βj‖p,Gδ < 2ε1.
By onstrution of the domain G in a neighborhood of its peak with the top O (see
(2.5)) we have by diret alulation
∫
Gδ
|α(xn)|pdx = ωn−1
δ∫
0
|α(xn)|pϕn−1(xn)dxn,
where ωn−1 is volume of the unit n− 1-dimensional ball.
On the other hand we will demonstrate (using (2.5)) that
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∫
∂Gδ
|α(xn)|pϕ(xn)dSx ∼
δ∫
0
|α(xn)|pϕn−1(xn)dxn.
The argument is simple. The manifold ∂Gδ \ {0} is a nite union of harts of
the following type
(4.14) ∂G
(n−1)
δ,σ =
{
x = (x′′, xn−1, xn) : 0 < xn < δ, xn−1
=
√
ϕ2(xn)− |x′′|2, |x′′| =
(
n−2∑
i=1
x2i
)1/2
< σϕ(xn)
}
,
where σ ∈ (0, 1). By diret alulations
dSx = ϕ(xn)
√
1 + (ϕ′(xn))
2
ϕ2(xn)− |x′′|2 dx
′′dxn,
and by the inequality |x′′| < σϕ(xn)
ϕ(xn)
√
1 + (ϕ′(xn))
2
ϕ2(xn)− |x′′|2 ∼ 1.
Therefore
(4.15)
∫
∂G
(n−1)
δ
|α(xn)|pϕ(xn)dSx ∼
δ∫
0
dxn
∫
{|x′′|<σϕ(xn)}
|α(xn)|pϕ(xn)dx′′
∼
δ∫
0
|α(xn)|pϕn−1(xn)dxn.
Combining this estimate and (4.13) we an onlude that integrals∫
∂Gδ
|α(xn)|pϕ(xn)dSx, α ∈ Λα,
are uniformly small for all α ∈ Λα if δ > 0 is small enough.
To estimate the funtion R ∈ ΛR that orresponds to F ∈M we will use Lemma
4.2. Denote ∂0G = {x ∈ ∂G :| x′ |= ϕ(xn), 0 < xn < 1}. First we will estimate the
integral ∫
∂0Gδ
| R(x) |p ϕ(xn)dSx,
for some δ > 0.
The boundary ∂0Gδ an be overed by a nite number of harts ∂G
(k)
δ,σ,k =
1, 2, ..., n− 1, (see (4.14)). Let us prove estimates for R for the hart ∂G(n−1)δ,σ . We
will use notation x =: (x”, xn−1, xn) ∈ ∂0G(n−1)δ,σ .Then
xn−1 =
√
ϕ2(xn)− |x”|2, |x”| < σϕ(xn).
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Choose s : 0 < s <
√
ϕ2(xn)− | x” |2. Then
R(x) = R(x”, s, xn) +
xn−1∫
s
Dn−1R(x”, τ, xn)dτ
where Dn−1 =
∂
∂xn−1
.
Integrating in s we obtain
(4.16) | R(x) |p ϕ(xn) ≤ C1
√
ϕ2(xn)−|x”|2∫
0
| R(x”, s, xn) |p ds+
C2ϕ(xn)


√
ϕ2(xn)−|x”|2∫
0
| Dn−1R(x”, τ, xn) | dτ


p
For the estimate (4.16) we used that
√
ϕ2(xn)− |x”|2 ∼ ϕ(xn) if | x” |< σϕ(xn).
Integrating (4.16) on ∂0G
(n−1)
δ,σ , taking into aount dSx ∼ dx”dxn and using Hölder
inequality for variable τ we get the following inequality∫
∂0G
(n−1)
δ,σ
| R(x) |p ϕ(xn)dSx ≤
C1
δ∫
0
dxn
∫
|x”|<σϕ(xn)
dx”
√
ϕ2(xn)−|x”|2∫
0
| R(x”, s, xn) |p ds
+ C2
δ∫
0
ϕp(xn)dxn
∫
|x”|<σϕ(xn)
dx”
√
ϕ2(xn)−|x”|2∫
0
| Dn−1R(x”, τ, xn) |p dτ
≤ C1
∫
Gδ
| R(x) |p dx+ C2ϕp(δ)
∫
Gδ
| Dn−1R(x) |p dx.
Combining with (4.12) we obtain
(4.17)
∫
∂0G
(n−1)
δ,σ
| R(x) |p ϕ(xn)dSx ≤
Cϕp(δ)

∫
G
∣∣∣∣ R(x)ϕ(xn)
∣∣∣∣
p
dx+
∫
G
| Dn−1R(x) |p dx


Using this estimate and Lemma 4.2 we get nally
(4.18) ‖R‖p,ϕ,∂0Gδ ≤ Cϕ(δ) ‖F‖W 1p (G) .
This estimate and orresponding estimates for integrals of | α(xn) |p on ∂0Gδ for
α ∈ Λα allow us to onlude that for any ǫ2 > 0 there exists suh δ0 > 0 that for
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all δ ∈ (0, δ) and for all F ∈M the following inequality is orret
(4.19) ‖F‖p,ϕ,∂0Gδ < ǫ2.
Let δ be an arbitrary number from (0,1). Denote kδ a funtion of the lass C
1([0, 1])
with the following properties 0 ≤ kδ ≤ 1 on [0, 1], kδ(t) = 1 when δ < t ≤ 1, kδ(t) =
0 when 0 ≤ t ≤ δ/2. Denote by M(δ) traes of funtions F from M on G\Gδ/2.
The set M(δ) is bounded inW 1p (G\Gδ/2) and therefore [17℄ is ompatly embedded
into Lp,ϕ(∂0G\∂0Gδ/2) ∼ Lp(∂0G\∂0Gδ/2) (for xed δ). Let ǫ > 0 be an arbitrary
number. Choose a nite ǫ/2-network for Λ(δ) = I2(M(δ)) ⊂ Lp(∂0G\∂0Gδ/2) that
is a nite set of funtions ν˜1, . . . , ν˜r. Then the set of funtions νj = kδ ν˜j , j =
1, 2, . . . , r represents a nite ǫ/2-network for the set kδΛ(δ) = {kδF : F ∈M(δ)}
into Lp,ϕ(∂0G). It is possible to suppose that for the same δ the inequality (4.19)
is orret with ǫ2 = ǫ/2.
Finally we will prove that the set of funtions ν1, . . . , νr represents an ǫ-network
of Λ into Lp,ϕ(∂0G). The argument is standard. Let F ∈M. Then F = (1−kδ)F +
kδF . Beause kδF ∈ kδΛ(δ) there exists suh νi that ‖kδF − νi‖p,ϕ,∂0G < ǫ/2. Then
by (4.19))
‖F − νi‖p,ϕ,∂0G ≤ ‖(1− kδ)F‖p,ϕ,∂0G + ‖kδF − νi‖p,ϕ,∂0G < ǫ/2 + ǫ/2 = ǫ.
Therefore ν1, . . . , νr is a desire ǫ-network for Λ = I2(M) in L
p,ϕ(∂0G).
Theorem 4.1 proved.
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